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Abstract
We review the approach to calculation of one-loop effective action in N = 2, 4 SYM theories.
We compute the non-holomorphic corrections to low-energy effective action (higher derivative
terms) inN = 2, SU(2) SYM theory coupled to hypermultiplets on a non-abelian background for
Rξ-gauge fixing conditions. A general procedure for calculating the gauge parameters depending
contributions to one-loop superfield effective action is developed. The one-loop non-holomorphic
effective potential is exactly found in terms of the Euler dilogarithm function for a specific choice
of gauge parameters.We also discuss the calculations of hypermultiplet dependence of N = 4
SYM effective action.
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1 Introduction
It is well-known that low-energy effective action
of N = 2 supersymmetric Yang-Mills theories
is determined, in purely gauge superfield sector,
by two effective potentials. The leading correc-
tion is given by holomorphic potential F(W), and
the next-to-leading correction is written in terms
of non-holomorphic potential H(W, W¯) whereW
and W¯ are N = 2 superfield strengths (see e.g.
the review [1]). N = 2 supersymmetry strongly
restricts the form of holomorphic potential what
was demonstrated by Seiberg andWitten for SU(2)
SYM model in the Coulomb branch of inequiva-
lent vacua in which the low energy theory has
unbroken U(1) gauge factors [2]. An extension of
this result for various gauge groups and coupling
to matter was given in Ref. [3] (see also the re-
view [4]). General form of holomorphic potential
for an arbitrary N = 2 model is now well estab-
lished.
Computation of the non-holomorphic poten-
tial is more delicate, and a general form ofH(W, W¯)
is still unknown although some contributions toH
were obtained for special cases. In N = 2 super-
conformal invariant models and the N = 4 SYM
theory the non-holomorphic potential has been
found in the Coulomb phase [5] - [9]. Here all
beta functions vanish, and the evolutions under
the renormalization group is trivial. This effec-
tive potential is turned out to be an exact solu-
tion of the N = 4 SYM theory, its explicit form is
given only by one-loop contribution, any higher-
loop or instanton corrections are absent [6], [9]
- [11]. However all above results correspond to
Abelian backgroundW and W¯ for the theory, liv-
ing on a point of general position of the moduli
space, where one has the symmetry-breaking pat-
tern: SU(N)→ U(1)N−1 and all physical quanti-
ties vary smoothly over the moduli spaces. As to
a non-abelian background, the non-holomorphic
potential was found only for very special cases in
Refs. [5] - [12].
One of the basic approaches to evaluating the
effective action is the derivative expansion [15].
This approach allows one to get the effective ac-
tion in the form of a series in derivatives of its
functional arguments. Within N = 1 supersym-
metric derivative expansion, the leading contribu-
tions to the effective action are formed by the so-
called Ka¨hlerian and chiral superfield effective po-
tentials [13], [14]. We point out that the Ka¨hlerian
effective potential naturally arises in N = 2 SYM
models if ones formulate these models in terms of
N = 1 superfields [16] and, as a result, it allows
to construct the potentials F(W) and H(W, W¯)
on its base.
Another line of current study of the effective
action in extended SUSY theories is associated
with a realization of these theories on the world
volume of branes. Such a realization provides
a dual description of low-energy field dynamics
in terms of D-brane theory. Webs of intersect-
ing branes as a tool for studying the gauge the-
ories with reduced number of supersymmetries
have been introduced in Ref. [17]. The five-
brane construction has been successfully applied
to a computation of holomorphic (or rather BPS)
quantities of the four-dimensional supersymmet-
ric gauge theory (see Refs. [18], [19]). The five-
brane configurations corresponding to these N =
1 supersymmetric gauge theories encode the in-
formation about the N = 1 moduli spaces of
vacua. The non-holomorphic quantities such as
higher derivative terms in N = 2 theories and
the Ka¨hlerian potential ofN = 1 supersymmetric
gauge theories are of special interest since they are
not protected by supersymmetry. It was shown
that the Ka¨hlerian potential on the Coulomb branch
ofN = 2 theories is correctly reproduced from the
classical dynamics of M-theory five-brane. As to
the non-holomorphic contributions to low-energy
effective action, such as the higher derivative terms,
a correspondence between string/brane approach
and four-dimensionalN = 2 supersymmetric Yang-
Mills theories beyond two-derivative level, is not
completely established (see e.g. Refs. [18, 19, 20,
21]).
In this paper we discuss some aspects of struc-
ture of the non-holomorphic effective potential for
non-abelian background in order to pay attention
on a problem of its gauge dependence. This fact
is related to the parameterization non-invariance
of the conventional effective action (see e.g. Ref.
[22]) and leads to a number of different effective
actions corresponding to one classical action. But
any gauge-fixing condition is equal to a redefini-
tion of fields in each order of the effective action
1
loop expansion [30]. The gauge dependence of
an effective action for Yang-Mills theories is well-
known problem for many years [22,30]. But for
N = 1, 2, 4 super-YM theories such a problem
has not been considered in detail. A supersym-
metric generalization of Rξ-gauge seems to be a
good tool for studying gauge-dependence in SYM
theories. Such a generalization was first suggested
in [28]. We present an extended supersymmetri-
cal Rξ-gauge for SYM models within background
field method. The choice of a gauge fixing term
in spontaneous broken non-abelian gauge theo-
ries is of basic technical importance. It is known
that the use of the Rξ-gauge became a major
step in the proof that Yang-Mills models are uni-
tary, on-shell gauge-independent and renormaliz-
able quantum field theories. Our consideration is
mainly based on Ref. [23]. Finally, we study the
dependence of the low-energy effective action in
N = 4 SYM theory on hypermultiplet fields.
2 N = 2 SYM Theory
in N = 1 Superspace
The simplest and well developed description of
four-dimensional supersymmetric field theories is
formulation in terms of N = 1 superspace. From
the point of view of N = 1 supersymmetry, a
field content of the pure N = 2 SYM model is
given by the vector multiplet superfield V and
chiral superfield Φ, and the field content of the
hypermultiplet is given by two chiral superfields
Q+, Q¯−. This allows one to write the action S of
the N = 2 SYM model coupled to hypermultiplet
matter in N = 1 superspace as follows:
S = SSYM + SHyper (1)
SSYM =
1
T (R)g2
tr[
∫
d6z
1
2
W αWα +
+
∫
d8z Φ¯eVΦe−V ], (2)
SHyper =
∫
d8z (Q¯+e
VQ+ +Q−e
−V Q¯−) +
+ i
∫
d6z Q−ΦQ+ + i
∫
d6 z¯Q¯+Φ¯Q¯−,(3)
where the superfields V = V ATA and Φ = ΦATA
form the N = 2 gauge multiplet with the com-
ponent fields (Aµ, λ+, φ) belonging to the adjoint
representation of the gauge group G, and the su-
perfields Q+ form a hypermultiplet with the com-
ponent fields (ψ+, H+, ψ−) belonging to some rep-
resentation R of G. We use the conventions of
Ref. [24].
The classical actions SSYM and SHyper are gauge
invariant and manifestly N = 1 supersymmetric
by construction. However, the full action S is also
invariant under the hiddenN = 2 supersymmetry
transformations, which can be written in terms
of the covariant chiral superfields Φc = e
Ω¯Φe−Ω¯,
Q+c = e
Ω¯Q+ etc.:
δΦc = ǫ
αWα,
δΦ¯c = ǫ¯
α˙W¯α˙,
δWα = −ǫα∇¯2Φ¯c + iǫα˙∇αα˙Φc,
δW¯α˙ = −ǫ¯α˙∇2Φc + iǫα∇αα˙Φ¯c, (4)
δQ¯+ c = Q¯+ c(∆1Ω)−∇2(Q− cχ),
δQ¯− c = −(∆1Ω)Q¯− c +∇2(χQ+ c),
δQ+ c = −(∆2Ω)Q+ c + ∇¯2(χQ¯− c),
δQ− c = Q− c(∆2Ω)− ∇¯2(Q¯+ cχ),
∆1Ω = e
−ΩδeΩ = iχΦc,
∆2Ω = e
Ω¯δe−Ω¯ = iΦ¯cχ,
χ = λ(θ) + λ¯(θ¯). (5)
Here Ω is a complex superfield determining the
gauge superfield V in the form eV = eΩeΩ¯, λ and λ¯
are chiral and antichiral space-time-independent
superfield parameters with the expansion λ =
γ + 1
2
θαǫα + θ
2(β1 + iβ2), where the β1 and β2
parameterize the SU(2)/U(1) group, ǫα are the
anticommutative parameters present in the Eqs.
(4), and γ parameterizes the central charge trans-
formations. The hypermultiplet action and corre-
sponding N = 2 supersymmetry transformations
in terms of N = 1 superspace were considered
in Refs. [24] and [25]. Invariance of the actions
SSYM and SHyper under the transformations (4,
5) can be checked directly. One also points out
that both the N = 2 super Yang-Mills model and
the hypermultiplet model are the superconformal
invariants [26]. Further we will use only the co-
variant chiral superfields, and subscript c will be
omitted.
The low-energy effective action of the model
under consideration is described by the holomor-
2
phic scale-dependent effective potential F(W) and
the non-holomorphic scale-independent real effec-
tive potentialH(W, W¯) whereW isN = 2 super-
field strength. The corresponding contributions
to the effective action can be expressed in terms
of N = 1 superfields. The holomorphic part ΓF
of low-energy effective action is written in N = 1
form as follows [16]
ΓF =
∫
d4xd2θ 1
2
FAB(Φ)WAαWBα +
+
∫
d4xd4θFA(Φ)Φ¯A + h.c. (6)
The non-holomorphic contribution ΓH can be
given in an N = 1 form using the metric, connec-
tion and curvature of natural Ka¨hler geometry
since the H is associated with a Ka¨hler potential
on a complex manifold defined modulo the real
part of a holomorphic function
ΓH =
∫
d4xd4θ (gAB¯[−
1
2
∇αα˙ΦA∇αα˙Φ¯B +
+ iW¯Bα˙(∇αα˙WAα + ΓACD∇αα˙ΦCWDα )−
− (fACDW¯Bα˙ΦC∇¯α˙Φ¯D +
+ fBCDWAαΦ¯C∇αΦD) +
+ (∇2ΦB + 1
2
ΓB¯C¯D¯W¯
Cα˙W¯Dα˙ )×
× (∇¯2Φ¯A + 1
2
ΓAEFW
EαW Fα )] +
+
1
4
RAB¯CD¯(W
AαWCα W¯
Bα˙W¯Dα˙ ) +
+ fAEDHDΦE(1
2
∇αWAα + fABCΦBΦ¯C)),(7)
where gAB¯ = HAB¯, ΓABC = gAD¯HBCD¯, RAB¯CD¯ =
HACB¯D¯ − gEF¯ΓEACΓF¯B¯D¯. Being expressed in terms
of component fields, the contribution to effective
action ΓH contains at most four space-time deriva-
tives.
We will analyze a general form of the one-loop
functionals ΓF and ΓH in the model under con-
sideration using functional methods in the N = 1
superspace and revise the contributions to the ef-
fective action which determine a functional de-
pendence of F and H on the N = 2 vector mul-
tiplet. Eqs. (6, 7) play a very important role in
such an approach since they ensure a bridge be-
tween the N = 1 and N = 2 descriptions and
allow one to restore manifestly N = 2 supersym-
metric functionals on the basis of their N = 1
projections.
3 Background Field Quanti-
zation
The background field method is a powerful and
convenient tool for studying the structure of a
quantum gauge theory (see Refs. [24, 27]). Af-
ter fields splitting, the action in the N = 1 SYM
theory with matter multiplets will be written as a
functionals of the background superfields Ω, Ω¯,Φ, Φ¯
and quantum ones V, φ, φ¯. To quantize the the-
ory, we impose the gauge-fixing conditions only
on the quantum fields, introduce the correspond-
ing ghosts and consider the background fields as
functional arguments of the effective action.
We choose the proper gauge-fixing conditions
for the quantum superfields V and φ in the form
F¯A = ∇2V A + iλ 1
✷+
∇2φBΦ¯CfABC ,
FA = ∇¯2V A − iλ¯ 1
✷−
∇¯2φ¯BΦCfABC , (8)
where λ, λ¯ are the arbitrary numerical parameters
and ✷± are standard notations for Laplace-like
operators in the superspace. It is evident that
the gauge fixing functions (8) are covariant un-
der background superfield transformations. The
gauge fixing functions (8) can be considered as
a superfield form of so-called Rξ-gauges which
are ordinarily used in spontaneously broken gauge
theories. An extension of Rξ-gauge fixing condi-
tions to N = 1 superfield theories has been given
in Ref. [28].
The gauge-fixing action corresponding to the
functions (8) is constructed in the standard form
SGF = − 1
αg2
∫
d8z (FAF¯A + bAb¯A) (9)
and depends on the extra parameter α. The quadratic
part of the Faddeev-Popov action which is rele-
vant for one loop is
Sghost =
∫
d8z (c¯
′AcA − c′Ac¯A +
+ c¯B
λ
✷−
X¯BEXEAc
′A +
+ c¯
′B λ¯
✷−
X¯BEXEAcA + bAb¯A), (10)
where XAB = fACBΦC , X¯AB = fACBΦ¯C .
All one-loop contributions to the effective ac-
tion are given in terms of the functional trace
3
Tr ln(Hˆ), where the operator Hˆ is the matrix of
the second variational derivatives of the action S2
in all quantum fields. The one-loop effective ac-
tion in the model under consideration reads
Γ[V,Φ] =
i
2
Tr ln HˆSYM + iTr ln HˆHyper −
− i
2
Tr ln Hˆghost. (11)
It should be noted that operator HˆSYM contains
the contributions from N = 1 vector and chi-
ral multiplets forming N = 2 gauge multiplet.
The choice λ = λ¯ = α in (8, 9) greatly simplifies
all calculation because it diagonalizes the matrix
HˆSYM and decoupled the contributions from the
N = 1 vector and chiral multiplets. However, we
will keep the gauge parameters λ and α arbitrary
and investigate the dependence of the effective
action on these parameters.
4 N = 1 Ka¨hler and
Non-holomorphic N = 2
Potentials
4.1 N = 1 Ka¨hler potential
In this section we study the form of the non-
Abelian low-energy effective action Γ =
∫
d8z K
and its gauge dependence. It is known that in
the non-Abelian case the Ka¨hler potential can-
not be written in the form Im(Φ¯F ′(Φ)) consis-
tent with the rigid version of special geometry
(see e.g. Refs. [5, 14]). The additional terms
originate from a real function H0(W, W¯) of the
N = 2 YM superfield strength W. The results
obtained in the present paper are more general as
compared with the ones obtained in Refs. [5, 12,
14] since here we have used here the more general
and complicated gauges. To calculate these po-
tentials, we consider the diagrams with external
Φ, Φ¯ lines corresponding only to the constant field
background. Such a choice of background super-
fields leads to a number of technical simplifica-
tions due to the absence of the background gauge
field, which allows us to replace all background
covariant derivatives with flat ones (i.e. ∇ →
D, ∇¯ → D¯). This provides a possibility of using
the superspace projectors P1 =
1
✷
D¯2D2, P2 =
1
✷
D2D¯2, PT = − 1✷DD¯2D and Π0 = P1 + P2
and simplifying the evaluations of the functional
determinants (11).
The final result is a sum of three terms:
1) The hypermultiplet contribution to effective
action
KfundHyper =
−1
(8π)2
(ΦΦ¯)
(
ln
Φ2Φ¯2
16e2Λ4
+ s ln
1 + s
1− s
)
,(12)
where Φ¯Φ denotes the scalar product in isospin
space, and we have used the notation s2 = 1 −
Φ2Φ¯2
(ΦΦ¯)2
< 0.
2) The effective action ΓSYM = ΓV+ΓGD induced
by the N = 2 vector multiplet contains the vector
loop contribution
KV =
1
(4π)2
(
(ΦΦ¯) ln
Φ2Φ¯2
e2Λ4
+ (ΦΦ¯) ln t (13)
+
√
Φ2Φ¯2
[
t+ 1
2
ln
t + 1
2
+
t− 1
2
ln
t− 1
2
])
,
where the notation t = ΦΦ¯√
Φ2Φ¯2
was introduced,
plus
3) the gauge dependent contribution
KGD =
∫ dk2
(4π)2
ln
(
1 +
((Φ¯Φ)2 − Φ2Φ¯2)
(k2 + λ(Φ¯Φ))(k2 + λ¯(Φ¯Φ))
[
−λλ¯
2
+ α
(
λλ¯
4k2
(Φ¯Φ) +
λ+ λ¯
2
− α
4
)])
=
=
∫
dk2
(4π)2
ln
(
(k2 − e1)(k2 − e2)(k2 − e3)
k2(k2 + 1)2
)
,(14)
which automatically vanishes for Abelian back-
ground fields Φ. This is the main result of the
subsection. The dependence of the one-loop ef-
fective action on all gauge parameters is given
by this expression. When λ = λ¯ = 0 the result
(12, 13, 14) coincides with one given in Ref. [12].
The case λ = 0, α = 1 is known as the Fermi
gauge. The corresponding form of the Ka¨hlerian
potential (12, 13, 14) was found in Ref. [14]. Re-
sult for Landau-DeWitt gauge is obtained with
α = 0, λ = λ¯ = 1. Note that (14) in the gauge
α = λ = λ¯ = 1, which can be naturally called the
Fermi-DeWitt, two last terms in the first line in
(13) are exactly cancelled by (14) while the first
term (13) is doubled.
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Using the simple integral in (14) we obtain
KGD = e1 ln(−e1)+e2 ln(−e2)+e2 ln(−e2), (15)
where e’s are the roots of the polynomial of k2
under the logarithm in (14).
4.2 N = 2 non-holomorphic poten-
tial
In previous subsection we have found the one-
loop Ka¨hler effective potential K(Φ, Φ¯) induced
by both N = 2 vector multiplets and hypermul-
tiplets. As has been mentioned in Refs. [5, 14],
the Ka¨hler potential in the non-Abelian case de-
termines not only by the holomorphic function
F . Additional terms originate from a real func-
tionH(W, W¯) of theN = 2 Yang-Mills superfield
strength W, which is integrated over full N = 2
superspace. Comparison the last term in decom-
position (7) with the Ka¨hler potential leads to
K(Φ, Φ¯) = Φ¯AFA + Φ2(Φ¯AHA)−
− (ΦΦ¯)(ΦAHA), (16)
where
ΦAHA = 0, Φ¯AHA = − 2Φ¯
2
(ΦΦ¯)
s2
∂H
∂s2
.
It is well known that the β-function and the
axial anomaly arise exactly from the holomorphic
potential F . This fact gives us a unique recipe for
extracting the contributions from the Ka¨hler po-
tential, which can be associated with holomorphic
and non-holomorphic potentials respectively. Us-
ing the expressions (12) and (13) and the recon-
struction formula (16), ones find, in accordance
with Ref. [5], the contributions to the holomor-
phic potential F(W) and to the non-holomorphic
potential H(W, W¯) depending on the N = 2 su-
perfield strength W:
F fundHyper =
−1
(8π)2
W2 ln W
2
e2Λ2
, (17)
FVector = 1
(4π)2
W2 ln W
2
e2Λ2
, (18)
HHyper = 1
(16π)2
ln2
1 + s
1− s, (19)
HVector = 1
(8π)2
(
Li2(1− t2)− 2 ln t+ 1
2
ln
t− 1
2
)
(20)
Our further aim is to obtain the off-shell gauge-
dependent contribution toH from the gauge-depen-
dent part of the full Ka¨hler potential. In this case
Eq. (16) is written in the form
−2s2(1− s2)dHGD
ds2
= K˜GD(s
2), (21)
where K˜GD was introduced in Eq.(14), s
2 = 1 −
1/t2 and t = WW¯√W2W¯2 , t ∈ [0, 1]. It has already
been noticed that KGD = 0 at s
2 → 0 and there-
fore HGD vanishes on-shell.
We see the holomorphic potential F is gauge
independent. The whole dependence on the gauge-
fixing parameters is concentrated in the termHGD
of the non-holomorphic potentialH. Let us present
(14) as a formal power series. Eq. (15) is noth-
ing but a determination of a symmetrical function
via the polynomial roots. According to the fun-
damental theorem in theory of symmetrical func-
tions (see e.g. Ref. [29]) ”any entire rational sym-
metrical function can be uniquely rewritten as a
entire rational function of elementary symmetri-
cal functions” (i.e. coefficients of the polynomial).
To represent (15) as an entire rational function,
we expand the logarithms into a formal power se-
ries
KGD = −
∞∑
n=1
1
n
Sn, (22)
where the power symmetrical functions of the roots
e1, e2, e3 of the form
Sn = e1(1+ e1)
n+ e2(1+ e2)
n+ e3(1+ e3)
n (23)
has been used. Using Newton’s classical recursion
formulae, we can uniquely express Sn in terms
of elementary symmetrical functions. It is well
known that the roots ei of an algebraic equation
are always satisfy the Vieta relations. For the
roots of the polynomial, which appears from the
numerator in the logarithm of (14) we have
−e1e2e3 = g3, e1e2 + e2e3 + e1e3 = g2, (24)
e1 + e2 + e3 = −2,
5
where elementary symmetrical functions are given
from (14, 24) as g2 = 1+s
2(−1
2
+γ(1− γ
4
)), g3 =
s2 γ
4
.Multiplying Eq. (23) by e1+e2+e3 and using
identities (24) we obtain the recursion relation
Sn+1−Sn− (1− g2)Sn−1+ (1− g2+ g3)Sn−2 = 0.
(25)
Using this relation, one can evaluate any Sn step
by step. One can check that Sn ∼ s2 for any n,
and each Sn includes g3 linearly. It allows one to
simplify integration in Eq. (21).
Moreover, Waring’s well-known formulae (see.
e.g. [29]) allow to express Sn for any n directly in
terms of g2, g3. In order to get all Sn, it is very
useful to introduce a generating function defined
by a formal power series
G(τ) =
∞∑
k=1
τk−1Sk, (26)
then any Sn can be found with help of differenti-
ations of the generating function G with respect
to τ . It also allows us to express the general term
of the sequence Sn in terms of symmetrical func-
tions g2 and g3 instead of the roots ei. Since the
functions g2, g3 are known from the integral (14),
we can avoid finding the roots ei for analysis HGD
at all. The generating function G satisfies an al-
gebraic equation which can be derived by multi-
plying the recursion relation by τk and summing
over powers k. The solution to this equation is
G(τ) =
2(1− g2)(1− 2τ + τ 2)− 3g3τ + 2g3τ 2
1− τ − (1− g2)τ 2 + (1− g2 + g3)τ 3 .
(27)
As a result we obtain an expansion of KGD in
terms of elementary symmetrical functions g2, g3:
KGD = −
∞∑
n=1
1
n!
(
d
dτ
)n−1
G(τ)|τ=0. (28)
Now, it is useful to introduce the new parameters
g = −1/2+ (γ/2− 1)2, g3 = γ/4, p = g+ g3, u =
1−s2. Using the binomial formula for derivatives
of the generating function (27) in (28), we rewrite
the equation (21) in the following form
−2udHGD
du
=
∞∑
k=0
1
(k + 3)!
× (29)
× (4g − g3(k + 1)(k + 5))
(
d
dτ
)k
Y |τ=0,
where Y −1 = 1 − τ − gτ 2 + pτ 3 + u(gτ 2 − pτ 3).
It is useful to extract, in the right hand side of
Eq. (29), the powers of u and to rewrite this
relation in form of double sum. This expression
allows one to find HGD as a series with a coeffi-
cients of each given power of u depending on ele-
mentary symmetrical functions. Hence, we finally
can rewrite (21) in terms of elementary symmet-
rical functions. We see that the right hand side
(29) can be written via rational functions for any
given choice of gauge parameters. For some par-
tial choice of gauge parameters, arbitrary term of
series can be found exactly.
Let’s consider the Landau-DeWitt gauge in
more detail. At such a choice, Y (k) in (29) be-
comes simple enough
Y (k) = k!
(
1
1− a2 −
(−a)k+1
2(1 + a)
− a
k+1
2(1− a)
)
,
(30)
a2 =
s2
2
and the general term in right side (29) can be
exactly found. Finally, Eq. (29) becomes
(1−2a2)dHGD
da
=
1− a
a
ln(1−a)+ 1 + a
a
ln(1+a)
(31)
and we obtain HGD by integration
2(4π)2HGD = ln(2) ln(1− s2)+ (32)
+
1√
2
ln
(√
2− 1√
2 + 1
)
ln(1− s2)− Li2
(
s2
2
)
+
+
√
2− 1√
2
[
Li2
(
s− 1√
2− 1
)
+ Li2
(
− s+ 1√
2− 1
)]
+
+
√
2 + 1√
2
[
Li2
(
s+ 1√
2 + 1
)
+ Li2
(
1− s√
2 + 1
)]
.
We emphasize that expressions (19), (20) and
(32) are exact results within the one-loop approxi-
mation. Of course, they can be expanded in series
in two limit cases: t → 1 and t → 0. Such a be-
havior is not unusual and it looks like quite similar
to the well-known exactly solvable model in an ef-
fective field theory, namely the Euler-Heisenberg
effective action. One can point out some more
property of the Euler-Heisenberg effective action
at small mass (strong external field): it possesses
6
by logarithmic branch point as well asHGD,HVector,
while at large mass (weak external field) there
exists an asymptotic series expansion in inverse
powers of mass.
We have shown that the gauge-dependent part
of the off-shell effective action can be found with
an arbitrary level of accuracy and at any choice
of the gauge fixing parameters. The form of the
non-holomorphic effective potential has an essen-
tial arbitrariness due to its explicit gauge depen-
dence. In particular, this fact leads to the am-
biguous definition of
RAB¯CD¯(W
AαWCα W¯
Bα˙W¯Dα˙ )
term from Eq. (7), which should reproduce the
leading term in the expansion of the non-Abelian
analog of the Born-Infeld action (see, e.g. [21]).
The structure of the tensor RAB¯CD¯ is cumber-
some enough. In addition, we point out that the
symmetrized trace (F+)2(F−)2/φ2φ¯2, determin-
ing the full set of F 4-terms in the effective action,
also contains the various contractions φA, φ¯A with
FA. The existence a large class of gauge the-
ory operators, which correspond to supergravity
modes and contain nontrivial extra factors (de-
pending on φA, φ¯A), in the non-Abelian Born-
Infeld action was discussed in Ref. [21].
To conclude this subsection, we note that, un-
like the Abelian case, N = 2 supersymmetry it-
self can not uniquely fix a form of next-to-leading
term in the effective action because of its explicit
gauge dependence.
5 Complete N = 4 structure
of the low-energy effective
action in N = 4 SYM the-
ories
The N = 4 SYN theory, being maximally ex-
tended rigid supersymmetric model, possesses the
remarkable properties on classical and quantum
levels. The corresponding quantum theory is fi-
nite, scale independent and superconformally in-
variant. The exact low-energy quantum dynamics
of this model is described by a non-holomorphic
effective potential [6-9]. The explicit form of the
non-holomorphic potential for the SU(N) gauge
group spontaneously broken down to U(1)N−1 is
given by the expression
H(W, W¯) = c∑
I<J
ln
(WI −WJ
Λ
)
× (33)
× ln
(W¯I − W¯J
Λ
)
,
where Λ is an scale and c = 1/(4π)2 (see e.g.
[8]). Expression (33) determines exact low-energy
effective action in the N = 2 gauge superfield
sector.
We point out that the result (33) is so general
that it can be obtained entirely on the symmetry
grounds, from the requirements of scale indepen-
dence and R-invariance only up to a numerical
factor [6]. Moreover, the potential (33) gets nei-
ther quantum corrections beyond one loop nor in-
stanton corrections [6]. These properties are very
important for understanding low-energy quantum
dynamics in N = 4 SYM theory in the Coulomb
phase. In particular, this effective potential pro-
vides description of sub-leading terms in the inter-
action between parallel D3-branes in superstring
theory [21].
The complete exact low-energy effective ac-
tion containing the dependence on both the N =
2 gauge superfields and the hypermultiplets has
been discovered [31] using a techniques of har-
monic superspace [33]. It was shown that the
algebraic restrictions on the full N = 4 super-
symmetric structure of the low-energy effective
action are so strong that they allows us to re-
store the dependence of effective action on the
hypermultiplets on the basis of the known non-
holomorphic effective potential (33). As a result,
the additional to (33) hypermultiplet dependent
contribution, containing the on-shell W, W¯ and
hypermultiplet q+a [32] superfields, has been ob-
tained in the form
Lq = c
{
(X − 1)ln(1−X)
X
+ [Li2(X)− 1]
}
,
(34)
X = −q
iaqia
WW¯ .
The effective Lagrangian (34) together with the
effective potential (33) define the exact N = 4
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supersymmetric low-energy effective action in the
theory under consideration.
The effective Lagrangian (34) has been found
in Ref. [31] on the purely algebraic ground. It
would be extremely interesting to derive this La-
grangian in the framework of quantum field the-
ory. Here we just present such a derivation. To
be more precise, we discuss the calculations of the
one-loop effective action depending on both the
N = 2 gauge and the hypermultiplet background
fields using the formulation of the N = 4 SYM
theory in terms of N = 1 superfields [24, 27] and
exploring the derivative expansion technique in
N = 1 superspace [15]. It allows us to obtain the
exact coefficients by various powers of covariant
derivatives on a constant space-time background
belonging to the Cartan subalgebra of the gauge
group SU(n)
W| = Φ = Const, DiαW| = λiα = Const, (35)
Di(αDβ)iW| = fαβ = Const, Dα(iDj)αW| = 0,
where ΦI = diag(Φ1,Φ2, . . . ,Φn),
∑
ΦI = 0. An-
other approach to derivations of the Lagrangian
(34) can be developed in N = 2 harmonic super-
space [32]. The structure of the one- and two-loop
low-energy effective actions in N = 2 supersym-
metric models is also studied in Ref. [35].
The main technical feature used in the given
paper consists in the background covariant gauge-
fixing multi-parametrical conditions (8). Since
the Abelian background is a solution of the equa-
tions of motion, we won’t worry about the choice
of the gauge-fixing parameters. It is therefore
convenient to choose the gauge-fixing which ear-
lier was named the Fermi-DeWitt gauge: α =
λ = 1. The choice of the gauge parameters allows
us to avoid the calculation problems with mixed
loops containing vector-chiral superfield propaga-
tors circulating along the loops.
The N = 4 ”on-shell” multiplet can be ob-
tained by combining three N = 1 chiral super-
fields and one N = 1 vector superfield [24]. In
this description an SU(3)⊗U(1) subgroup of the
SU(4) R-symmetry group is manifest. The form
of the N = 1 sypersymmetric action in the chiral
representation is given by
S =
1
g2
tr{
∫
d4xd2θW 2 +
+
∫
d4xd4θ Φ¯ie
VΦie−V +
+
1
3!
∫
d4xd2θ icijkΦ
i[Φj ,Φk] +
+
1
3!
∫
d4xd2θ¯ icijkΦ¯i[Φ¯j , Φ¯k]} (36)
It is convenient to introduce the new notations
Φ1 = Φ, Φ2 = Q, Φ3 = Q˜ and to rewrite the two
last terms in (36) as follows
i
∫
d4xd2θ Q[Φ, Q˜] + i
∫
d4xd2θ¯ Q¯[Φ¯, ¯˜Q].
After splitting each field into the background and
quantum parts (i.e. eVtot = eΩegV eΩ¯,Φ → Φ +
ϕ, Φ¯ → Φ¯ + ϕ¯, Q → Q + q, Q˜ → Q˜ + q˜, Q¯ →
Q¯ + q¯, ¯˜Q→ ¯˜Q+ ¯˜q) we can rewrite the quadratic
part of the classical action (36), and (9) in a form
which does not contain any V Φ terms
S(2) = −1
2
∑
I<J
∫
d4xd4θ (FHF †+ (37)
+V¯ (OV −M)V ),
where F = (ϕ¯, ϕ, q¯, q, ¯˜q, q˜), F † = (ϕ, ϕ¯, q, q¯, q˜, ¯˜q)T ,
MIJ = (Φ¯IJΦIJ + Q¯IJQIJ +
¯˜QIJQ˜IJ), (38)
OV = ✷− iW αIJ∇α − iW¯ α˙IJ∇¯α˙,
where W αIJ = W
α
I −W αJ , W¯ α˙IJ = W¯ α˙I − W¯ α˙J are
the background field strengths and ΦIJ = ΦI −
ΦJ , . . . Here H denotes some 6 × 6 matrix de-
pending on covariant derivatives and background
fields. The explicit form of this matrix and the
details of the calculation are given in Ref. [34].
According to the Faddev-Popov procedure, we
also need to introduce a gauge-compensating term
(10) in the action. The final step is integration
in the functional integral over all quantum super-
fields. It allows to write the standard representa-
tion for the one-loop effective action
eiΓ =
∏
I<J
Det−1(OV −M)Det−1(H)Det2(HFP )
(39)
Calculation of the functional trace leads to
ΓSYM = iTr ln(OV −M) + (40)
+ 2iTr
(
ln(1− M
✷+
)
∇2∇¯2
✷+
)
+
+ 2iTr
(
ln(1− M
✷−
)
∇¯2∇2
✷−
)
,
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where ✷± are standard notation for ∇2∇¯2 and
∇¯2∇2. In the space of chiral and antichiral su-
perfields these operators act as follows
∇2∇¯2 = ✷+ = ✷− iW¯ α˙∇¯α˙ − i
2
(∇¯W¯ ),
∇¯2∇2 = ✷− = ✷− iW α∇α − i
2
(∇W ).
Evaluation of Tr ln(HFP ) leads to the following
ghost contribution to the effective action
ΓFP = −2i
(
Tr ln(1− M
✷−
)
1
✷−
∇¯2∇2
)
−
− 2i
(
Tr ln(1− M
✷+
)
1
✷+
∇2∇¯2
)
, (41)
which exactly cancels the second and third terms
in (39). This surprising cancellation between the
ghost and chiral fields contributions in the N = 4
SYM theory effective action was firstly noted in
[8].
After the functional trace calculation, the first
term in (39) gives known result [15,26]
Γ =
1
8π2
∫
d8z
∫ ∞
0
dt t e−t
W 2W¯ 2
M2
ω(tΨ, tΨ¯),
(42)
ω(tΨ, tΨ¯) =
cosh(tΨ)− 1
t2Ψ2
cosh(tΨ¯)− 1
t2Ψ¯2
×
× t
2(Ψ2 − Ψ¯2)
cosh(tΨ)− cosh(tΨ¯) ,
Ψ and Ψ¯ are given by
Ψ¯2 =
1
M2
∇2W 2, Ψ2 = 1
M2
∇¯2W¯ 2. (43)
One can show that the quantity M = (Φ¯Φ +
Q¯Q+ ¯˜QQ˜) denominators (42, 43) is invariant un-
der the R-symmetry group of N = 4 supersym-
metry. The function ω introduced in (42) has the
following expansion
ω(x, y) =
1
2
+
x2y2
4 · 5! −
5
12 · 7! (x
4y2 + x2y4) (44)
+
1
34500
(x2y6 + x6y2) +
1
86400
x4y4 + . . .
Eq. (44) allows one to expand the effective action
(42) in series in powers Ψ2, Ψ¯2 as follows
Γ = Γ(0) + Γ(2) + Γ(3) + · · · , (45)
where the term Γ(n) contains terms cm,lΨ
2mΨ¯2l
with m+ l = n.
The effective action (42) and its expansion
(45) are given in terms of the N = 1 super-
fields. Our next aim is to find a manifest N = 2
form of each term in the expansion (45). For this
purpose we extract from M N = 1 form of the
X = − Q¯Q+¯˜QQ˜
Φ¯Φ
, which was defined in Eq. (34) by
M = ΦΦ¯(1 − X), and then expand the denomi-
nator (1/M)k from (42) in a power series over X .
This expansion of (1/M)k and the reconstruction
expressions
∇4 lnW| = ∇2
(
W αWα
Φ2
)
+ . . . ,
(∇22)
1
W2m | =
2m(2m+ 1)
Φ2m
W αWα
Φ2
+ . . . ,(46)
allow us to obtain the first term in (45)(which is
∼ F 4)
Γ(0) =
1
(4π)2
∫
d12z(lnW ln W¯+
∞∑
k=1
1
k2(k + 1)
Xk),
(47)
where X =
(
− qiaq¯iaWW¯
)n
was defined in (34). The
second term in (47) can be transformed to the
form (34) using the power series for Euler’s dilog-
arithm function and we see that this term is just
the effective Lagrangian (34) found in [31, 32].
The following terms in the expansion (45) can
be calculated using expansion (1/M)k inX . Their
N = 2 form is reconstructed by taking into ac-
count (46). Using the same analysis, ones get the
term Γ(2) in (45) in the form
Γ(2) =
1
2(4π)2
∫
d12zΨ2Ψ¯2(1+ (48)
+
1
5!
∞∑
k=1
(k + 5)(k + 4)(k + 1)
(k + 3)(k + 2)
Xk).
Its X-independent part was given in [26]. Here
theN = 2 chiral combinations Ψ¯2 = W¯−2∇4 lnW,
Ψ2 = W−2∇¯4 ln W¯ are the scalars under N = 2
superconformal group transformations. The sum
in (48) can be transformed as follows
∞∑
k=1
(k + 5)(k + 4)(k + 1)
(k + 3)(k + 2)
Xk =
=
1
(1−X)2 +
4
(1−X)+
9
+
6X − 4
X3
ln(1−X)− 4X − 1
X2
− 10
3
.
Applying the same procedure for the third term
in (45) one obtains
Γ(3) = − 5
6 (4π)2
∫
d12z(Ψ4Ψ¯2 +Ψ2Ψ¯4)× (49)
× 1
7!
∞∑
k=1
(k + 7)(k + 6)(k + 1)Xk,
where the sum in right hand side is
∞∑
k=1
(k + 7)(k + 6)(k + 1)Xk =
=
2X
(1−X)4 (56− 116X + 84X
2 − 21X3).
Thus, we have found the hypermultiplet depen-
dence of the contributions Γ(0), Γ(2) and Γ(3) to
the known effective action [26] which depend on
N = 2 vector multiplet. As result we obtained
the complete N = 4 supersymmetric forms for
the three first terms of expansion of the effective
action (42) in power series in Abelian strength. It
is evident, that such a reconstruction procedure
can be applied to any term in the expansion (45).
The fourth term in (45) contains two parts.
The first one is
Γ(41) =
1
(4π)2
1
17250
∫
d12z(Ψ2Ψ¯6 +Ψ6Ψ¯2)×
× 12X
(1−X)6 (450− 1545X + 2284X
2−
−1779X3 + 720X4 − 120X5)
and the second part is given as follows
Γ(42) =
1
5 · 6!
1
(4π)2
∫
d12zΨ4Ψ¯4×
×(12(5X − 4)
X5
ln(1−X)−
− 1
5X4(1−X)6 (240− 1620X + 4610X
2−
−7120X3 + 6363X4 − 4878X5 + 6135X6−
−7560X7 + 5670X8 − 2268X9 + 378X10))
As a result, we see that the reconstruction pro-
cedure for the effective action of N = 4 SYM the-
ory can be realized completely for any terms in
the expansion (45), completing them by the cor-
responding terms containing the hypermultiplet
superfields.
6 Summary
We have presented the general approach to evalu-
ation of the one-loop effective action in N = 2 su-
persymmetric field theories formulated in terms of
N = 1 superfields. The approach provides a cal-
culation of the effective action by a series in super-
covariant derivatives with the coefficients depend-
ing on the background superfields. The approach
allows one to reproduce the known results on the
one-loop holomorphic and non-holomorphic effec-
tive potentials depending on Abelian background
strengths in N = 2 SYM theories. We have stud-
ied the structure of the low-energy effective ac-
tion on non-Abelian background superfields using
a parametrically dependent family of appropri-
ate superfield Rξ-gauges. For some values of the
gauge parameters, the non-Abelian non-holomor-
phic effective potential is presented in an explicit
form in terms of the the Euler dilogarithm func-
tion. We have applied this general approach to
evaluation of the N = 4 supersymmetric low-
energy effective action in N = 4 SYM theory. We
have found an integral representation of the effec-
tive action for the constant Abelian background
strength, including the dependence on both the
N = 2 gauge multiplet and the hypermultiplet
superfields. The four lowest terms of the effective
action power expansion in the Abelian strength
are given in an explicit form.
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